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Abstract 
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1 Introduction 

Stochastic differential equations (s.d.e.) with boundary conditions driven by a Wiener process 
have been extensively studied in the last fifteen years, both in the ordinary and the partial dif- 
ferential cases. We highlight the papers of Ocone and Pardoux jT^, Nualart and Pardoux pil] . 
Donati-Martin [Hj, Buckdahn and Nualart Hj, and Alabert, Ferrante and Nualart These 
equations arise from the usual ones when we replace the customary initial condition by a func- 
tional relation h{XQ,Xi) = between two variables of the solution process X, which is only con- 
sidered in the bounded time interval [0, 1]. Features that have been considered include existence 
and uniqueness, absolute continuity of the laws, numerical approximations, and Mar kovian- type 
properties. 

Recently, in our work we have considered boundary value problems where the stochastic 
integral with respect to the Wiener process is replaced by an additive Poisson perturbation A^^ 



where the boundary condition is written in a more manageable form. We established an existence 
and uniqueness result, studied the absolutely continuity of the laws, and characterised several 
classes of coefficients / which lead to the so-called reciprocal property of the solution. 

Let us recall that X = {X^, t E [0, 1]} is a reciprocal process if for all times < s < t < 1, 
the families or random variables {A„, u G [s,t]} and u G [0, 1] — [s,t]} are conditionally 

independent given Xg and Xf. This property is weaker than the usual Markov property. 

Interest in reciprocal processes dates back to Bernstein ^ (they are also called Bernstein 
processes by physicists) because of their role in the probabilistic interpretation of quantum 
mechanics. It is by far not true that all s.d.e. with boundary conditions give rise to reciprocal 
processes and it is also false that a general reciprocal process could be represented as the solution 
of some sort of first order boundary value problem, no matter which type of driving process is 
taken. Nevertheless, it is interesting to try to find in which cases the probabilistic dynamic 
representation given by a first order s.d.e., together with a suitable boundary relation, is indeed 
able to represent a reciprocal process. 

In this paper, we develop the same program as in our previous paper j2j, but with a multi- 
plicative Poisson perturbation. Specifically, we consider the equation 



where f,F: [0, 1] x M ^ M and : M — > M are measurable functions satisfying certain hypotheses, 
and N = {Nt, t > 0} is a Poisson process with intensity 1. 




t G [0, 1] 



(1.1) 
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Due to the boundary condition, the solution wih anticipate any filtration to which N is 
adapted, and therefore the stochastic integral appearing in the equation is, strictly speaking, an 
anticipating integral. However, the bounded variation character of the Poisson process permits 
to avoid most of the technical difficulties of the anticipating stochastic integrals with respect to 
the Wiener process. 

Equation 1)1.1(1 is a "forward equation". One can also consider the "backward equation" 



where dN^ denotes the Skorohod integral with respect to the compensated Poisson process. 
While the stochastic integrals in ()1.H) and (jl.2jl are no more than Stieljes integrals, the Skorohod 
integral operator is defined by means of the chaos decomposition on the canonical Poisson space. 
We refer the reader to |H1, U2] or |llj for an introduction to the canonical Poisson space, the 
chaos decomposition and the Skorohod integral. 

The paper is organised as follows. Section |21 is devoted to the study of the stochastic flow 
(initial condition problem) associated with s.d.e. (|1.1|) . which will give us the preliminary results 
needed for the boundary condition case. In Section |21 we study existence, uniqueness, regularity 
and absolute continuity of the solution to the problem (|1.H1 . In both Sections [21 and 01 the 
case of linear equations is studied as a special example. In Section 0] we find some sufficient 
conditions for the solution of the linear equation to enjoy the reciprocal property. In the final 
Section the relation of the forward equation (jl.l|l with the backward equation (jl.2j) and the 
Skorohod equation (|1.3|) is established. The linear equation is again considered with particular 
attention, and the chaos decomposition of the solution is computed in two very simple special 
cases. 

We will use the notation dig for the derivative of a function g with respect to the i-th 
coordinate, g{s~) and 5(5+) for limtT^sg{t) and limtisg{t) respectively, and the acronym cadlag 
for "right continuous with left limits". Throughout the paper, we employ the usual convention 
that a summation and a product with an empty set of indices are equal to zero and one, 
respectively. 

2 Stochastic flows induced by Poisson equations 

Let = {Nf, t > 0} be a standard Poisson process with intensity 1 defined on some probability 
space {Q,^,P); that means, has independent increments, Nt — Ng has a Poisson law with 




t G [0, 1] 



(1.3) 




t E [0, 1] 
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parameter t — s, Nq = 0, and all its paths are integer- valued, non-decreasing, cadlag, with jumps 
of size 1. 

Throughout the paper, Sn will denote the jump times of N: 

Sniuj) := inf{t > : Nt{uj) > n} . 
The sequence Sn is strictly increasing to infinity, and {Nt = n} = {Sn < t < S'^+i}. 
Let us consider the pathwise equation 

(2.1) ipst{x)=x+ f f{r,ip,,-{x))dr+ [ F{r,ip,,-{x))dNr , 0<s<t<l, 



where x E M, and assume that f,F: [0, 1] x M ^ M are measurable functions such that / satisfies 

(Hi) 3Ki>0: VtG [0,1], Vx, y G M, \f{t,x)-fit,y)\<Ki\x-y\, 
{H2) Ml := sup |/(t,0)| < 00. 

tG[0,l] 

For every x £ M, denote by (t{s,t;x) the solution to the deterministic equation 
(2.2) ^{s,t;x) =x+ f f{r,^{s,r;x))dr , 0<s<t<l. 

J s 

All conclusions of the following lemma are well known or easy to show: 

Lemma 2.1 Under hypotheses {Hi) and {H2), there exists a unique solution $(s,t;x) of equa- 
tion \2. Moreover: 

1) For every < s < t < 1, and every x GR, \^{s,t;x)\ < {\x\ + Mi)e^i*^*~*). 

2) For every 0<s<r<t<l, and every x G M, $(r, t; ^{s, r; x)) = <I>(s, t; x). 

3) For every < s < t < 1, and every xi, X2 G K with xi < X2, 

(X2 - xi)e~^i(*"") < ^{s, t; X2) - $(s, t; xi) < (x2 - xi)e^'^^-'^ . 

In particular, for every s,t, the function x 1— > $(s,t;x) is a homeomorphism from M into 
R. 

4) // G: [0, 1] X M — > M has continuous partial derivatives, then for every < s < t < 1, 
G(t,$(s,t;x)) = G(s,x) + / (9iG(r, ^>(s,r;x)) +52G(r, $(s,r;x))/(r, $(s,r;x)) dr. □ 

J s 

Using Lemma I2. II one can prove easily the following analogous properties for equation (|2.1() : 
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Proposition 2.2 Assume that f satisfies hypotheses {Hi) and {H2) with constants Ki,Mi. 
Then, for each x € M, there exists a unique process ip{x) = {(/?st(x), < s < t < 1} that solves 
1^2. 1]) . Moreover: 

(1) // F satisfies hypotheses [Hi) and {H2) with constants K2 and M2, then for every < 
s < t < 1 and every x € M; 

Wst{x)\ < [\x\ + (Ml + M2){Nt -N, + 1)] (1 + K2)^^'-^^^e^' . 

(2) For every 0<s<r<t<l and every x G M, iprt{^sr{x)) = (pstix)- 

(3) // there exist constants — 1 < A;2 < K2 such that 

k2{x-y)<F{t,x)-F{t,y)<K2{x-y) , t G [0, 1] , x>y, 
then for all < s < t < 1, and all xi,X2 G M with xi < X2, 

(1 + k^^N,-Ns^-K,{t-s) < Vst{x2) - ^stjxi) ^^^^ j^^^N^-Ns^K,{t-s) ^ 

X2 - Xi 

with the convention O'' = 1. In particular, if k2 > —1, then for each < s < t < 1 the 
function x ^ (Pst{x) is a random homeomorphism from M into M. 

(4) Suppose that G : [0, 1] x M — > R has continuous partial derivatives. Then, for all < s < 
t < 1, 



G{t, ^Pst{x)) = G{s, x)+ / diG{r, ip,^- (x)) + d2G{r, ip,,.- {x))f{r, ip,^- (x)) 



+ 



G(r, if,,.^ (x) + F(r, Lp,^- (x))) - G(r, ip,,.- (x)) 



dr 

dNr . □ 



By solving equation (|2.2|) between jumps, the value ipst{^,x) can be found recursively in terms 
of If si = Si{uj), . . . ,Sn = Sn{uj) are the jump times of the path N{uj) on (s, 1], then 



n-l 



ipstix) = ^>(s,t;x)l[,,^^)(t) +^$(si,t;(^^^-(x) +F(si,(^^^-(x)))l[,^,,^^^)(t) 

1=1 

(2.3) + Hsn, t; <p^^^ (x) + F{sn, V,,- (t) • 

Notice that the paths t ^ (pst{x) {t > s) are cadlag and Pst{x) — (fst- (x) = F(t, ipgi-){Nt — 



Example 2.3 (Linear equation). Let fi, f2, Fi, F2: [0,1] ^ M be continuous functions, and 
X G M. Consider equation (|2.1() with s = and linear coefficients: 

(2.4) iptix) =x + [ [/i(r) + /2(r)v?,-(x)] dr + [ [Fi{r) + F2(r)v?,,_ (x)] dNr , < t < 1 . 
Jo Jo 
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We can describe the solution of this equation as follows: Set Sq := and let < 5i < 5*2 < .. 
be the jumps of Poisson process. For t e [Si, 5'j+i), i = 0,1,2, ... , 



(pt{x) = fs,{x) + / [fi{r) + f2{r)(pr-{x)] dr . 
Applying Proposition I2.2f 4) with G{t,x) = A{t)~^x, where 

^(t) =exp{^*/2(r)dr} , 



we obtain 
(2.5) 



+ 



■ dr . 



A{t) A{S,) Js, A{r) 
On the other hand, for i = 1, 2, 3, ... , 

fsA^) = fs-{x) + Fi{Si) + F2{Si)(pg-{x) 
(2.6) =F,{Si) + [l + F2{S^)]ipsAx) . 

i 

From and (g^I), it follows that, for t G [0, ^i). 



A{t) 

and that for t £ [Si, Si+i), i = 1,2, . . . , 



X + 



Ait) 



X + 



+ 



fi{r) 



dr\llil+F2iS,)) + 

'""^ Mr) 



A{r) 
FijSi^i 

^(5.„i) ' Js,,, A{r 



Air] 



FiiSi) 



■ dr , 



+ 



S2 



h{r) 



+ 



VA{S^) Js, A{r 

i 

dr] Yl{l + F2{S,)) + 



dr] 1[{1 + F2{S,)) + 



i=2 

FiiS,) , /■*/i(r) 



3=1 



A{Si) 



+ 



A{r) 



dr 



When F2{t) 7^ —1 for almost all t G [0,1] with respect to Lebesgue measure, we can also 
write the solution as follows: 



Mx) = vt 



Jo Vr Jo 



Fi{r) 



dNr 







a.s., 



where 



Vt 



Ait) n [i+^2(s.)] . □ 



0<Si<t 



Under differentiability assumptions on / and F we obtain differentiability properties of the 
solution to (|2.1() : 
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Proposition 2.4 Assume that f satisfies the stronger hypotheses: 

{H[) f , 82/ are continuous functions. 
3K>0: \d2f\ < K. 

Then 

(1) For every w G $7 and every 2; S M, the function t Lpst{uJ,x) is differentiahle on [s, 1] — 
{si, S2, • • • }, where si, S2) • • • '^"e the jump times of N{uj) on (s, 1], and 

(2) // moreover F and (?2-F are continuous functions, then for every a; G and every < s < 
t <1, the function x 1— > (psti^^,x) is continuously differentiahle and 



dipst{uj,x) 
dx 



expj^ d2f{r,^sr{^,x))dr^ J| [I + d2F{si,^^^-{uj,x))\ . 



S<Si<t 

In particular, when d2F > —1, x 1— (fstix) is a random diffeomorphism from M into M. 

(3) Assume moreover that F , diF and d2F are continuous functions. Fix < s < t < 1 
and n € {1,2,...}. On the set {Nf — Ng = n}, the mapping to 1— > (pst{oo,x) regarded 
as a function ipst{si, S2, . . . , Sn] x) defined on {s < si < S2 < ■ • • < Sn < t} (where 
Sj = Sj{uj) are the jump times of N{uj) on {s,t]), is continuously differentiahle and, for 
every j G {1,... ,n}, 



dipst{x 



expj/" d2f{r,ipsr{x))dr^ fl ['^ + d2F{si,ip^^-^{x))] 

^ •'^i i=j+l 

- f{sj, '^ss,{x)) + diF{sj,ip^^- (x)) + f{sj,ip^^- (x))[l + d2F{sj,(p^^- (x))] 



Proof. It is easy to see for the solution <I> of 1)2. 2|) that 

5i$(s, t; x) = -f{s, x) exp | j d2f{r, ^{s, r; x)) drj , 

d2^{s,t;x) = f{t,^{s,t;x)) , 

93$(s, t; x) = exp I J d2f{r,^{s,r;x))dr} , 

and that these derivatives are continuous on {0 < s < t < 1} x M. Claims (1) and (2) follow 
from here and representation ()2.3j) . 



6 



The existence and regularity of the function (pst{si, . . . ,Sn',x) of (3) are also clear from ((2 
We compute now its derivative with respect to sj. For n = 1, we get 



dsi 



dsi 



exp 



Sl 



- f{si,^ssAx)) + diF{si,^^^-{x)) + f{si,^^^-{x))[l + d2F{si,ip^^-{x))] 
Suppose that (3) holds for n = k. Then, for n = A; + 1 and j = 1, . . . , k, 



dsj 



dsj 



expj / d2f{r,ipsr{x))dr^ [1 + 92F(si, v?^^- (x))] 

■^^i i=j+l 

- fisj,V^ss,{x)) + diF{sj,^^^-{x)) + f{sj,(p^^-{x))[l + d2F{sj,ip^^j{x))] 
Taking into account that 

fssk+, (x) = if^^-^ ^ (x) + F(sfc+l, if^^- ^ (x)) 



"k+l 



°fc+l 



dsk+i 

we obtain, for j = k + 1, 

dipst{x 



[1 + 52F(sfc+i, if - (x))]/(sfe+i, (/?^ - (x)) + diF{sk+i, (p.g- ^ (x)) 



°fe+i 



fc+i 



°fe+i 



d^tjg ^x^ 

^— — _ di^{sk+i,t;(pssi,+Ax)) + d3'^isk+i,t;ipssk+,ix)) ^^^^^ 



exp I / d2fir,ifsrix))dr\ 



- /(sfc+i, V^ssfc+i {x)) + diF{sk+i, ip^,- (x)) 

+ f{Sk+l,fss7 ixW + 92F{Sk+l,<f^^- (x))] 



□ 



In the next proposition we find that under the regularity hypotheses of Proposition 12.41 and 
an additional condition relating / and F, the law of <ptix) is a weighted sum of a Dirac-(5 and 
an absolutely continuous probability. 



Proposition 2.5 Let f satisfy hypotheses {H[) and {H'^ of Proposition and assume that 
F , diF and d2F are continuous functions. Assume moreover that 



(2.7) |/(t,x + F(t,x))-/(t,x)[l + a2F(t,x)]-9iF(t,x)| >0 , VtG[0,l], Vx G 
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Let (p{x) = {ipt{x), t £ [0, 1]} be the solution to for s = 0. Then, for all t > 0, the 

distribution function L of ipt{x) can be written as 

L{y) = e-'L^{y) + {l-e-')L^{y) , 

with 

L^iy) = i[$(o,t;x),oo)(y) , 

and 

/y 

where is the density function of the law of (pt{x) conditioned to Nt = n. 

Proof: Let 5'i,S'2,... be the jump times of {A't, t € [0,1]}. From Proposition I2.4r 3). on the 
set {Nt = n} (n = 1, 2, . . . ) we have (pt{x) = G{Si, . . . , Sn) for some continuously differentiable 
function G, and that 

5„G(si,...,s„) =exp| / 52/(r, v3r(x))dr| 

- /(Sn, V>sAx)) + diF{Sn, ^ (x)) + /(s„, (^^- (x))[l + d2F{Sn, (x))] 

Using ipsnix) = iPg-{x) + F{sn,fg-{x)) and condition (|2.7() . we obtain l^nCI > 0. 

It is known that, conditionally to {Nt = n}, (Si,...,Sn) follows the uniform distribution 
on Dn = {0 < si < ■ ■ ■ < Sn < t} . If we define T(si, . . . , s„) = (zi, . . . , with Zi = Sj, 
1 < i < n — 1, and z„ = G(si, . . . , then {Zi, . . . , Zn) = T{Si, . . . , 5„) is a random vector 
with density 

h{zi, ...,Zn)= n\t~"-\dnSnizi, . . . , Zn)\lT{D„)izi, ■ ■ ■ , Zn) , 

and therefore <ftix) is absolutely continuous on {Nt = n}, for every n > 1, with conditional 
density 

Kiy) = lG(Z3„)(y) j J "' j Hzi,. . . ,Zn-l,y)dzi ... dZn-l ■ 

Now, 



oo 



L{y) = P{^i(^) ^ y/Nt = n}P{Nt = n} 

n=Q 

= e-'P{Mx)<y/Nt = 0}+e-'Y- hn{ 

n=l •^-'^ 

/y fn 
-oo 1 



and the result follows. 
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Remark 2.6 When f{t,x) = f{x), F{t,x) = F(x) and /" is continuous, condition (|2.7|) is 
satisfied if 

i/'F-/F'i>-iiriiooiiFiiL, 

which is the hypothesis used by Carlen and Pardoux in p] (Theorem 4.3) to prove that, in the 
autonomous case, the law of ^pi{x) is absolutely continuous on the set {A'^i > 1}. 

3 Equations with boundary conditions 

In this section we establish first an easy existence and uniqueness theorem, based on Proposition 
12.21 above, when the initial condition is replaced by a boundary condition. Then we prove in this 
situation the analogue of Propositions 1^313) and 12.51 on the differentiability with respect to the 
jump times and the absolute continuity of the laws (Proposition 13.41 and Theorem 13.51 below, 
respectively). 

Theorem 3.1 Let f,F: [0, 1] x M — > M 6e measurable functions such that f satisfies hypotheses 
(Hi) and {H2) of Section\^ with constants Ki and Mi respectively, and there exists a constant 
k2 > —1 such that F{t,x) — F{t,y) > k2{x — y), \/t G [0, 1], x > y. Assume that ip: ^ M. 
satisfies 

{H3) ijj is a continuous and non-increasing function. 
Then 

rt 

V . — \ I 

(3.1) 



Xt = X^ + [ f{r,X,-)dr+ [ F{r,X,-)dNr , t G [0, 1] , 

Jo Jo 
Xo = V(^i) , 



admits a unique solution X , which is a cddldg process. 

Proof: By ProDosition l2.21 for each 2; S M there exists a unique cadlag process ip{x) = {ipt{x), t G 
[0, 1]} that satisfies the equation 

ipt{x)=x+ f f{r,^,^{x))dr+ f F{r,ip,^{x))dNr , t G [0, 1] . 
Jo Jo 

From part (3) of the same proposition, for each G S7, the function x 1— > ipi{uj,x) is non- 
decreasing. Thus, by hypothesis (H^), the function x 1-^ x — i{j{ipi{LO, x)) has a unique fixed point, 
that we define as Xo{io). It follows that 1)3. 1(1 has the unique solution Xt{uj) = ipt{LO, Xo{u;)). □ 

Remark 3.2 In general, the condition k2 > —1 cannot be relaxed. For instance, the problem 

Xt = Xo+ I X,.^ dr+ [ -2X^- dNr , 
Jo Jo 

Xo = 1 - , t G [0, 1] , 
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has no solutions. Indeed, the first equahty imphes Xt = Xoe*(— 1)^* (see Example 12 .31) . which 
gives Xi = —Xqc for A^i € {1, 3,5,...}, and this is incompatible with the boundary condition. 

On the other hand, if we change the boundary condition to Xq = -^Xi the new problem 
has an infinite number of solutions: 



Xtiu;) 



0, if iVi(cj) = 0,2,4,... 

x(cj)e*(-l)^'(^) , if Ni{oj) = 1, 3, 5, . . . 



where x(u;) is an arbitrary real number. 

Notice that the purpose of (H^) is to ensure that x i— s- ^p{ipl{x)) has a unique fix point. 
Alternative hypotheses that lead to the same consequence may be used instead for particular 
cases. See for instance the comments at the end of Example 13.31 □ 

Example 3.3 (Linear equation). Consider the linear equation 

(3 2) i Xt = Xo + j\h{r) + f2{r)X,-] dr + j\F^{r) + F2{r)X,-] dN^ , 

\ Xo = V'(^i)° t E [0,1] , 

where fi, f2, Fi, [0,1] — > M are continuous functions, and -0: M — > R is a continuous and 
non-increasing function. Assume F2{t) > — 1 for all t E [0, 1]. By Theorem 13.11 there is a unique 
solution, and using Example 12.31 we can describe it as follows: 
For Lje{Si> 1}, 

''Mr) 



Xt = A{t) ^x* + 
where A{t) = explj^ f2{r) dr}, and x* solve 



X = ij(A{l) 



X + 



Air] 
' Mr, 



■ dr 



dr 



lo Mr) 

For uj G {Sn < 1 < Sn+i} (n > 1) and t G [Si, we have 



Mx) 

A{t) 



Fi{S, 



+ 



Fi{S, 



i-lj 



+ 



+ 



h{r) 
' js,_^ A{r) 

where Xq solve x = ip{(pi{x)), with 



dr] fJ(l + F2(S,)) + 



h{r) 
, Mr) 

- FijSj) 
- A{Si) 



'I 

dr]l[{l + F2{Sj)) + 



+ 



i=2 



A{r) 



dr 



A{1) 



X + 



+ 



i' — 1 j — 2 

' Mr) 



FijS .. 
A{S, 



Mr) 



Mr) 



dr n(l+^2(S,)) + 



Fi{Si) 
A{Si) 



+ 



A{r\ 



■ dr 
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When F2{t) > — 1 for almost all t G [0,1] with respect to Lebesgue measure, we can also 
write the solution as follows: 



(3.3) 
where 



Xt{x) = r]t 



Vr 



' Fi (r) 



Vr 



, a.s.. 



A{t) H [1 + F2{Si)] = exp { h{r) dr + log(l + F2{r)) dNr] . 



0<Si<t 



Finally, we remark that if —1 < F2 < 0, the monotonicity condition on -0 can be relaxed to 

X > y ^ il){x) — tpdi) < a{x — y) , 

with aA{l) < 1, because in this case the mapping x x — xp{ipi{LO, x)) has still a unique fix 
point. □ 

Under differentiability assumptions on /, F and ip, we will obtain differentiability properties of 
the solution to (|3.1() . Denote 

A{sj,t,X):=exp{ r d2fir,Xr)dr} [1 + d2F{si, X^^)] 

Sj<S,<t 

- f{s„Xs^) + f{sj,X^^)[l + d2F{sj,X^^ )]diF{sj,X^^ 



and 



B{t,X):=e^p[ d2f{r,Xr)dr} [I + d2F{s„ X^-)] 



0<Sj<t 



Proposition 3.4 Let f,F: [0,1] x M ^ M and ^/^: M — > M be measurable functions such that 
f satisfies hypotheses {H[), {H'2) of Section\^ F, diF and d2F are continuous functions with 
d2F > —1, and 

(H^) if) is a continuously difjerentiable function with Tp' < 0. 

Let X = {Xt, t G [0, 1]} be the solution to iTO)) . Then: 

(1) Fixn G {1, 2, . . . }. On the set {Ni = n}, Xq can be regarded as a function Xq{si, S2, Sn), 
defined on {0 < si < ■ ■ ■ < Sn < 1} , where sj = Sj{ui) are the jumps of N{lo) in [0, 1]. 
This function is continuously differentiable, and for any j = 1,2, . . . ,n, 

dXp _ iP'{Xi)A{sj,l,X) 
dsj l-i;'{Xi)B{l,X) ■ 
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(2) Taket G (0,1] andn,k G {0, 1, . . . } such thatn + k > 1. On the set {Nt = n}n{Ni-Nt = 
k}, Xt can be regarded as a function Xt{si, . . . , Sn+k) defined on {0 < si < • • • < Sn+k < 
1}, where sj = Sj{uj) are the jumps of N(uj) in [0,1]. This function is continuously 
differentiable, and for any j = 1,2, . . . ,n + k, 

^ = ^(i,^)^l{l,...,n+fc}(jl+^(s,,t,X)l|i_„^ • 



Proof Since Xq = 'ip{ipi{XQ)), we have 



dXn 



,l,'{^,{X,)f-^ 



x=Xo 



9^3 i-V.'(v.i(Xo))^ 

^ i^'{Xi)A{sj,l,X) 
l-^'{X{)B{l,X) ■ 



x=Xq 



On the other hand, for Xt = '^tiX^ 



dXt _ dLpt{x) 
dsj 



dx 



x=Xo ds 
dXi 



dXo ^ dipt{x) 



dSn 



x=Xo 



The following theorem is the counterpart of Proposition 12 . 51 for the case of boundary conditions. 
The proof follows the same lines but using at the end the decomposition 



LxAx) = P{Xt<x, Ni = 0} 



+ Yl - ""/Nt = 0, Ni-Nt = n}e 



-i(l-ir 



n=l 
oo 



n! 



+ Y^P{Xt<x/j^^^^}e-^^_. □ 



n=l 



Theorem 3.5 Let f,F: [0, 1] x M ^ M and Tp: R —^M. satisfy the hypotheses of Proposition \^~^ 
Assume in addition that tp' < and that condition \2. l\j holds. Let x* he the unique solution to 
X = V'(<I?(0, 1; x)), and X the solution to Then, the distribution function of Xt, t € (0, 1], 

is 

LxAx) = e-'L^^{x) + (1 - e-')L%{x) , 

with 

Lxti^) = l[*(0,i;x*),oo)(2;) 
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and 




oo 



(1 - 1) 



n 



hn{r) 



e 



(i-t) 



— oo 



n=l 



E 



hon{r)dr+ / ^ 



n! 



dr 



where /iQn *s i/ie density of Xf conditioned to Nf = 0,Ni = n, and hn is the density of Xf 
conditioned to Nt = n. For t = 0, the formula is also valid taking hn = 0. 

4 The reciprocal property 

Let (ri, ^, P) be a probability space and let 2li, 2I2 and *B be sub-cr-fields of ^ such that P{Ai n 
^2|53) = P(Ai|*B)P(A2|*B) for any Ai G A2 G 2I2. Then the a-fields 2ti and 2I2 are said to 
be conditionally independent with respect to 53. 

Definition 4.1 We say that X = {Xt, t G [0, 1]} is a reciprocal process if for every < a < 6 < 
1, the cT-fields generated by {Xt, t G [a,b]} and {Xt, t G {a, by} are conditionally independent 
with respect to the tr-field generated by {Xa,Xb}. 

One can show that if X is a Markov process then X is reciprocal, and that the converse is not 
true. For a proof of this fact, we refer the reader to Alabert and Marmolejo [2] (Proposition 
4.2), where we also established the next lemma (Lemma 4.6 of 

Lemma 4.2 If S, = {£,t, t G [0,1]} has independent increments and g is a Borel function, then 
X := {g{£,i) + it-, t ^ [0, 1]} is a reciprocal process. 

In our previous work we obtained several sufficient conditions on / for the solution to 
enjoy the reciprocal property when the Poisson noise appears additively, namely in 



The main classes of functions / leading to this property are those of the form f{t,x) = fi{t) + 
f2{t)x and those which are 1-periodic in the second variable, f{t,x) = f{t,x + 1). But we 
showed with examples that there are many more; we also obtained conditions on / ensuring 
that the solution will not be reciprocal. In contrast, for equations driven by the Wiener process, 
conditions which are at the same time necessary and sufficient have been obtained in a wide 
variety of settings, even with multiplicative noise. 

With a multiplicative Poisson noise, the techniques currently known do not seem to allow 
a general analysis. We will restrict ourselves to linear equations. The main result contained 
in the next theorem is that if both coefficients are truly linear in the second variable (i.e. 
f{t,x) = /2(t)x, and F(t,x) = F2{t)x) then the solution is reciprocal. We have not been able to 
obtain necessary conditions, even when considering only the class of linear equations. Thus, we 
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have to leave open the study of the general linear case, which for white noise driven equations 
(with boundary conditions also linear) was studied thoroughly in the seminal paper of Ocone 
and Pardoux [T^ . 

Theorem 4.3 Let fi, f2, Fi, F2: [0,1] — > R &e continuous functions with F2{t) > —1 for all 
t G [0, 1], and ^: M — > M a continuous and non-increasing function. Let X = {Xt, t € [0, 1]} be 
the solution of 




In each of the following cases, X is a reciprocal process: 

(1) ip is constant. 

(2) V(0) = 0, /i = Fi = 0. 

(3) F2 = 0. 

(4) F2 > -I, fi = Fi = 0. 

(5) F2 = -I, fi = Fi = 0. 

Proof. (1) reduces to the case of initial condition, while in (2) the solution is identically zero. 
Thus in both situations we obtain a Markov process. 

(3) In this case the solution is 

Xt = Ait)\Xo+ f^dr+ f^dNr] , 
L Jo Mr) Jo Mr) J 

where A{t) = ex.p{f^ f2{r) dr} as before, and Xq solves 

Defining Yt := we can write Yt = + g{Ci)i where 5 is a Borel function and 

Jo Mr) Jo Mr) 

Since ^ has independents increments. Lemma 14.21 implies that Y, and therefore X, are 
reciprocal processes. 

(4) Here the solution is given by 

Xt = Xo exp { f2{r) dr + log(l + F2(r)) dNr } , 
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where Xq satisfies 

Xo = v(^oexp{^ f2{r)dr + log(l + Fs^) diV,,}) . 

When -0(0) = 0, we are in case (1). If -0(0) > 0, then Xq > 0, and setting Yt := log(X() 
we obtain Yt = \og[%l){e^^)] + S,t , where = Jq f2{r) dr + log[l + ^2('^)] dNr. We reach 
the conclusion as in case (3). If -0(0) < 0, we can proceed analogously. 

(5) In this situation, we obtain 

(x*A{t), if5iH>l 
^ ^ I V'(0)A(t)l[o,5,H)(t) , if S,{u;) < 1 , 

where x* solves x = iplxA^l)). Process ()4.4() can be thought as the solution to the initial 
value problem 

Xt=V + [ f2{r)X,- dr - [ X,- dN^ , 
Jo Jo 



where rj is the random variable 



X* , if5i(w)>l 
V'(O) , if 5i(cu) < 1 . 



Although r] anticipates the Poisson process, X not only has the reciprocal property, but 
it is in fact a Markov process. Indeed, it is immediate to check that Yt := Xt/A(t) is a 
Markov chain taking at most three values. □ 



5 Backward and Skorohod equations 

In this Section we consider the backward and Skorohod versions of our boundary value problems. 
There are very simple cases where the backward equation, even in the initial condition situation, 
does not possess a solution. For example, for A; G M, the equation 

= 1 + / kips dNs , 
Jo 

leads to (psi = 1 + kipsi at t = Si, which is absurd for k = 1. In general, for the existence of a 
solution of 

(5.1) ^t{x)=x+ [ f{r,^r{x))dr+ f F(r, diV, , t G [0, 1] , 

Jo Jo 

it is necessary that the mapping Ar{y) := y — F(r,y) be invertible for each r. 

Assume now that /: [0, 1] x M ^ M satisfies the hypotheses (Hi) and (-^2) of Sectional and 
that either 

(5.2) yt G [0, 1], 3a{t) < 1 : x>y^ F{t, x) - F{t, y) < a{t){x - y) , 
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or 



(5.3) Vt G [0, 1], 3a{t) > 1 : x>y^ F{t, x) - F{t, y) > a{t){x - y) . 

Then there exists a unique process ip{x) = {ipt{x),t G [0, 1]} that satisfies the backward equation 
1)5. If) . This follows from Theorem 5.1 of Leon, Sole and Vives 0, where it is shown that (/? is a 
solution to (|5.1|) if and only if is a solution to the forward equation 

<ft{x)=x + I f{r,ip^-{x))dr+ [ F{r,A;\^^-{x)))dNr . 



The existence of A^. ^ is assured by 1)5. 2|) or (|5.3|) . 

We consider now the backward equation with boundary condition 



(5.4) 



Xt = Xo+ ff{r,Xr)dr+ f F{r,Xr)dN, 
JO JO 

Xo = ^(Xi), tG[0,l]. 



Theorem 5.1 Assume that f satisfies hypotheses (Hi) and {H2) of Section\^and that 

(5.5) (5{t){x-y)<F{t,x)-F{t,y)<a{t){x-y) , t G [0, 1] , x>y, 

for some functions a and (3 such that a — 1 </3<a< 1. Assume moreover that ip satisfies 
hypothesis (H^) of Theorem Then i5.4[ ) admits a unique solution X = {Xt,t G [0,1]}, 

which is a cadlag process. 

Proof. By the relation between the forward and the backward equation with initial condition 
given above, the solution to (|5.4j) coincides with the solution to the forward equation with 
boundary condition 

(5 g) \ Xt = X^ + I' fir,X,^)dr + j' F{r,A;\X,-))dNr , 

\ Xo = V(^i)° t G [0,1] , 

provided it exists. By Theorem 13.11 it is enough to show there exists a constant k2 > —1 such 
that F{t,x) := F{t,A^'^{x)) satisfies F{t,x) - F{t,y) > k2{x-y), Vt G [0, 1], x > y. From (|^ . 

< (1 - a{t)){x -y)< At{x) - At{y) < (1 - /3(t))(x - y) , 

hence 

< ^-i(^) _ A-\y) < . 
I -Pit) - * ^ ^ t \yj - 1 
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We find 



r m 



F{t,x)-F{t,y) > { 



1 - Pit) 

m 



(x-y), ifP{t)>0 
(x-y) , if (3{t) < 



I 1 - a{t) 

and the conclusion follows. □ 

The study of the properties of backward equations can thus be reduced to the case of the 
forward equations when the above condition (|5.5|) on F holds true. In particular, when F{t, x) = 
Fi{t) + F2{t)x, we obtain 

Flit) , F2it) 



F{t,x) 



+ 



1-F2(t) 1-F2(t) 



and condition (|5.5j) reduces to -F2 < 1- 

Example 5.2 (Linear backward equation). Now consider the problem 

Xt = Xo+ [ [fiir) + f2ir)Xr]dr+ [ [Fi(r) + F2(r)X,] diV, , 

JO JO 

Xo = V'(^i), tG[0,l], 

where fi, f2, Fi, F2: [0,1] M are continuous functions with F2 < 1 and ip-.M. — > M is a 
continuous and non-increasing function. By Theorem 15.11 this problem has unique solution, 
given by (see Example 13. 3|) 



Xt = Vt 



Mr) 



dr 



Fiir) 



dNr 



where 



and Xq solves 



r]t = exp 



Vr Jo (1 - F2ir))nr 

l\ogil-F2ir))dNr] , 



X = ipirji 



x 



f2ir)dr 
'Mr 



dr + 



Vr 



Fiir) 



(l-F2(r)K 



■dNr 



□ 



We turn now to the Skorohod equation with boundary condition 
(5.7) 




fir,Xr)dr+ [ Fir, Xr) dNr , 
JO 

t e [0, 1] . 



We place ourselves in the canonical Poisson space i^l,^,P) (see e.g. jH], ^1] or jJJ for a 
more detailed introduction to the analysis in this space). The elements of Q are sequences 
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UJ = (si, . . . , Sn), n > 1, with sj € [0, 1], together with a special point a. The canonical Poisson 
process is defined in {Q,^,P) as the measure- valued process 



N{uj) 



, if to = a , 

EiLl , if w = (si, ...,Sn) 



where (5s. means the Dirac measure on Si . Any square integrable random variable H in this space 
can be decomposed in Poisson-Ito chaos H = Yl^=Q^n{hn)-, where In{hn) is the n-th multiple 
Poisson-Ito integral of a symmetric kernel /i„ € L^([0, 1]") with respect to the compensated 
Poisson process N . For it G L^(r2 x [0, 1]) with decomposition ut = Y^^=q ^n{Un) for almost all t G 
[0, 1], Nualart and Vives define its Skorohod integral as 5{u) := Ug SNg '■= X^^o In+i{un), 
where Un is the symmetrization of Un with respect to its n + 1 variables, provided u € Dom 6, 
that means, if Yl'^^oin + 1)! ll^'n|li2([o,i]"+i) < 

For a process u with integrable paths, define the random variable 



(f)iu){uj) 



— Jq ut{a) dt , if a; = a , 

Us^{a) - ut{si) dt , ifcj = (si), 

Ef=i UsjiuJj) - Jq ut{^) d't 1 if = (si, . . . , s„), n > 1 , 



where Qjj means (si, . . . , Sj-i, Sj+i, . . . , s^). One can also consider, for any random variable H 
and for almost all t G [0, 1], the random variable 



H{t) - H{a) , if cj = a 

H{si, . . . ,Sn,t) - H{uj) , ifa; = (si. 



The following Lemma is shown in Nualart and Vives |12j . 

Lemma 5.3 With the notations introduced above, we have 

(a) If u £ L?'{Q X [0,1]), then (j){u) € L^(0) if and only if u £ Dom 5, and in that case 
5{u) = (j){u). 

(h) IfH = EZoUK) G L\n), then^H G L\nx[0,l]) tf and only if ^^0^^'- ll^n|li2([o,i]n) < 
oo, and in that case ^tH = Y1'^=q{^ + ^)In{hn+i{t-, •))• 

Two concepts of solution for initial value Skorohod equations were introduced in j7j by 
Leon, Ruiz de Chavez and Tudor, which they called "strong solution" and "(/)-solution" . In the 
latter, the process F{r,Xr) is only required to have square integrable paths, and its integral 
is interpreted as (j){F{r, Xr)). If F{r,Xr) belongs to Dom 6, Lemma 1^31 (a) ensures that both 
concepts coincide. We only need here a version of the first notion, which we will call simply 
"solution". We supplement the definition in [7j with the requirement of cadlag paths, for the 
boundary condition to be meaningful. 

Definition 5.4 A measurable process A" is a solution of ()5.7() . if 
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(1) f{-,X.) G L^([0, 1]) with probability 1. 

(2) l[o^t]i-)F{-,X.) € Dom 5 for almost all t G [0, 1]. 

(3) The first equality in (|5.7() is satisfied with probability 1, for almost all t G [0, 1]. 

(4) With probability 1, X is cadlag and Xq = tpiXi). □ 

Theorem 5.5 Let /, F: [0, 1] x R — > M satisfy hypotheses (Hi) and {H2) of Section\^ with 
constants Ki, Mi and K2, M2, respectively. Assume moreover that ■0: M ^ M satisfies 

[H'^) if) is a continuous and hounded function that verifies one of the following Lipschitz-type 
conditions: 

{i) X > y ^ tp^x) — il^{y) < rj ■ [x — y), for some real constant rj < e~^ , 
{a) X > y ^ tp^x) — ip{y) > rj ■ [x — y), for some real constant rj > e^ , 

where K = Ki + K2 ■ 

Then \5. 7| ) admits a unique solution. 

Proof: Under our hypotheses, we can apply Theorems 3.7 and 3.13 of ,2| to the equation 

(5.8) Xt = C+ f f{r, Xr) dr + f F{r, Xr) 6Nr , 

Jo Jo 

where (" is a given bounded random variable, and the solution has a cadlag version given by 

00 

xt = j2xn^nioM^) ' 

n=0 

where X^ are the respective unique solutions of 

(5.9) Xf{a) = C{a)+ [\f - F){r, X^ (a)) dr , 







(5.10) X}{si) = C{si)+ A/-F)(r,Xi(5i))dr + l[o,t](si)F(si,XO^(a)) , 

JO 

and for n >2, 

rt n 

(5.11) X^iu;) = C{u^)+ / if - F)ir,X:^iu;))dr + Y.Mo,t]isj)F{s„Xl-\Cu,)) 



with a; = (si, . . . , s„) and cdj = (si, . . . , Sj_i, s^+i, . . . , s„) 
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Denoting by X^(uj,x) the corresponding solutions starting at C = G it is easy to show 
that for any xi,X2 G M with xi < X2, 

{X2 - xi)e-^* < X^ioo, X2) - X^iuj, xi) < {x2 - xi)e^' . 

These inequahties and (-^3 ) imply that there exists a unique point x* such that 

(5.12) X* = ip{X^{a,x*)) , 

which we define as Xo{a). Then, X^{a, Xo{a)) satisfies ()5.9j) with C{a) = Xo(a) and the boundary 
condition of H5.7|) . 

Once we know X^, using equation H5.1(J() and reasoning similarly, one shows that there exists 
a unique point x* such that 

(5.13) X* =i>{Xl{si,x*)) , 

which we define as Xo{si). Then, X^(si, Xq(si)) satisfies 1)5. 10() with Ci^i) = -'^o('Si) and the 
boundary condition of 1)5. 7(1 . 

In general, given u = (si, . . . , s„), once we know and using equation 1)5. 11|) . one shows 

that there exists a unique point x* such that 

x* = v(xr(^,x*)) , 

which we define as Xq{uj). We have then that X"(uj, Xq{uj)) satisfies (|5.11|) with C('^) = ^oi^) 
and the boundary condition of (|5.7|) . 

Since is bounded, Xq is a bounded random variable. The process thus constructed clearly 
satisfies ()5.8() together with the boundary condition, and the theorem is proved. □ 

Remark 5.6 Skorohod equations can be converted to forward ones in special situations: When 
F{t, x) = F{t) or when ijj = xo £M, the solution of (|5.7j) coincides with the solution of 

Xt = Xo+ [ {f -F){r,X,-)dr+ [ F{r,X,^)dNr, 
' Jo Jo 

_ Xo = V(^i) , t G [0,1] . □ 

The results of Sections |21 and 0] are automatically translated to Skorohod equations in the 
situations of the previous remark. In other cases, the inductive construction of the solution X, 
in which the value of Xt(c<j) (with uj G [0, 1]") depends on the values Xt{io) (with to G [0, l]"^-*^), 
does not allow the equivalence. 

In the last five years there have been some interest in finding the chaos decomposition of 
solutions to several type of equations in Poisson space (see e.g. (HI, [H])- For instance, for 



Xt = x+ [ f2{r)Xr dr+ [ F2(r)X, 5iV, , x G 
Jo Jo 
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one can find, using Lemma 3.10 of [HI, the decomposition 

Ut 
(/2 + F2){r) dr] UiM^A (•)i^2(-))^"]/n! ■ 
n=0 



We will give the chaos decomposition of the solution of two very specific linear equations with 
boundary conditions. First we discuss the resolution of Skorohod linear equations. 

Example 5.7 (Linear Skorohod equation). Consider the problem 

= Xo + A/i(r) + f2{r)Xr] dr + /*[Fi(r) + F2{r)Xr]5Nr , 
Jo Jo 
Xo = ij{Xi), tG[0,l], 

where fi, f2, Fi, F2: [0,1] — > M are continuous functions, and M ^ M satisfies (^^3) of the 
Theorem 15.51 To describe X, let = X^^o ^t"('^)-'-[o,i]"('^)) the solution to 

Yt = f[h{r) + f2{r)Yr] dr + f [Fi{r) + F2{r)Yr] SNr . 
Jo Jo 

Taking into account Eemark 15. 6( Y is the solution to the forward equation 

Yt = A(/i - Fi)(r) + (/2 - F2){r)Y,-] dr + f [F^{r) + F2{r)Y,-] dN^ , 
Jo Jo 

which is given in Example 13.31 Then Xt = Yt + Zt, where Zt satisfies 

Zt = Zo+ f f2{r)Zr dr + [' F2(r)Z,,5iV, , 
Jo Jo 

Zo = v(yi + ^1) , t£ [0, 1] . 

We know (see proof of Theorem 15.51) that Zt = X^J^Lo ■^r('^)l[o,i]" ('^)) where, writing A{t) := 
eMlo{f2-F2){r)dr}, 

— = Zoia) 

Ait) 

and Zo(a) is the solution to 

x = ij{A{l)x + Yi{a)) . 

For u! = (si), 

Z^ ( 1 

-f^ = Zo(5i)l[o,.oW + [^o(5i) +i^2(si)^o(a)]l[.„i](t) 
A[tj 

and Zq{si) solves 

X = i;{A{l)[x + F2{si))Zo{a)] + Yi{si)) . 
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In general, for a; = (si, . . . , s„) with < si < • • • < s„ < 1 we have 



A{t) 



^o(w)l[o,^i)(i) + ... 



+ 



+ 



k=l ji,...,jk=i 
distinct 



n n 



where 



k=l ii,---Jfe=l 
distinct 



and Zq{lo) is the solution to 



n 71 



= V(i(l)x + ^ J] F2(5,l)...F2(s,J^0^s,,,...,.,j) +nM) . □ 



fc=i ii,---jfc=i 

distinct 



Example 5.8 (Chaos decompositions) 
(1) Consider the problem 

= Xo + /*[/i(r) + f2{r)Xr] dr + T Fi(r) 57V, , 

JO JO 

Xo = aXi + b, te[0,l] , 

where /1,/2,-Pi are continuous functions, and a,b E M. with a 7^ expjjj /2(r) cir}. 
solution coincides with the solution of the forward equation 

Xt = Xo+ /*[(/! - Fi)(r) + /2(r)X,-] dr + f Fi(r) diV, , 

JO Jo 
Xo = aXi + b, i G [0, 1] , 



which is 



where ^(t) = expl/p /2(»') d?'} and 



(/i-i^i)(r-) ^ , f' Fiir) 
^(r) 



dr + 



Xa 



aA{l) r r^{f,-F,){r) , /"i Fi(r) 



^(r) 



1 - a^(l) 

Therefore Xt belongs the first order chaos and 

hA{t) 



dr + 



I 

Jo 



Air) 



dNr 



dNr 



+ 



1 - aA{l) 



X, 



1 - aA{l) 



+ 



^'A(t)(l[o,i](r) + - 



aA{l) x/i(r 



aA{l)J A{r) 



■ dr 



+ h 



aAil) xFi(.) 



A{l)J A{.) 
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(2) Consider the problem 



Xt=X^+ I f2{r)X,- dr- I X,- dN^ 
Jo Jo 
^ Xo=V(^i) , tG [0,1] , 



where /2 : [0, 1] ^ M is a continuous function, and : 
increasing function. The solution is 



is a continuous and non- 



x*A{t) , if5iH>l 
V^(0)^(t)l[o,5iH)(t) , iiSiiu) < 1 , 



Xtico) -- 

where x* is the unique solution to x = 'ip{xA{l)). We can write in Poisson space 

Xt = A{t)[x*l{,y+mUt<S,} 
Using Lemma 15.31 (h) one obtains the following chaos decomposition: 

n=0 

Xl = A(l)x*e-l^^^/„(l) , 

n=0 

and for t G (0, 1) we have 

X, = ^(t){x*e-i5]i^/„(l) + V(0)e-^E^^4(l[o,t](-)n} • □ 



n=0 



n=0 
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